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The maxima giving the corrected sites appear with 
doubled strength relative to the non-centric case but 
the maxima at the sites of the correctly postulated 
atoms are more sensitive to errors in the structure 
than in the non-centric case, since the rate of fall 
off in the peak height with the number of erroneously 
placed atoms of equal weight is doubled. 

An applicat ion of the funct ion 

A brief description of our experience wi th  the  function, 
C(r) as defined in (6), when applied to the crys ta l  
s t ruc ture  analysis  of d ihydromalval ic  acid, C~sHsa02, 
will i l lustrate  some of its properties.  The funct ion was 
applied to the (Okl) projection when a sa t i s fac tory  t r ia l  
model had  not  been obtained.  

The d a t a  consisted of 40 axial  reflections (00/) 
whose signs were known from the (hO1) projection 
(Craven & Jeff rey,  1960) and  twen ty  each of the  low 
order 01/ and 02/ terms.  The agreement  factor,  R, 
was 0.61 excluding the  axial  reflections and there 
was no indicat ion of convergence to a correct solution. 

The init ial  t r ia l  model is shown in Fig. l(a) where 
concentric circles represent  oxygens and circles are 
the  carbon positions. The corresponding electron 
dens i ty  and C(r) maps  are shown in Figs. l(b) and l(c) 
respectively.  The most  obvious discrepancies between 
the model and C(r) were a t  the  center  of the mole- 
cule, near  the cyclopropyl ring, and  a t  the  te rminal  
methy l  group. Some minor changes in the  chain 
direction and the  te rmina l  configurat ion improved 
R to 0.52. The model,  ~(r), and  C(r) maps  are shown 
in Fig. l(d), (e) and  (f).  The discrepancies again  
indicated errors a t  the  ends of the  molecule, and 
suggested a reversal  of the  model. This corresponded 

to a shift  of z coordinates to ¼ - z ,  wi th  the  carboxyl  
groups dimerized by  hydrogen bonding across a 
s y m m e t r y  center a t  (¼, ¼) ins tead of the origin of the 
space group A2/a. The correct model is shown in 
Fig. l(g). Successive Four ier  ref inement  proceeded 
normal ly  to give an agreement  of about  0.20 and the  
electron densi ty  projection shown in Fig. l(h) which 
contained 220 terms.  The corresponding C(r) map 
appears  in Fig. 1(i). 

A comparison of map  (h) wi th  the  maps  (b), (e), (e) 
and (f)  shows quite clearly t h a t  the  C(r) functions 
gave a bet ter  indication of the  t rue  atomic positions 
which were not  included in the  model t h a n  did the  
electron densi ty  functions. 

The au thor  expresses his t hanks  to Prof. G . A .  
Jef f rey  for his encouragement  and  criticism and to 
Drs R. Shiono, S. Chu and R. McMullan for the  use 
of their  IBM 650 and 7070 Four ier  programs.  This 
research was suppor ted by  the U.S. Public  Hea l th  
Service, Nat ional  Ins t i tu tes  of Heal th .  
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Analysis of Three-Dimensional Patterson Maps Using Vector Verification 
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A new path from the Patterson map to an electron density map has been investigated. The procedure 
is called vector verification and involves testing all points in x, y, z space. Harker  vectors are 
generated for each point and their presence is sought in the Patterson map. If  all vectors are present, 
the point may  be an atomic position. In most cases, over 95% of the positions in x, y, z space are 
at  once eliminated. I t  has been demonstrated that  by using one known atomic position the remaining 
atomic positions could be determined. One method which may be used to determine the position 
of a 'known' atom involves the selection of a vector from the vector set, and the use of this vector 
in a verification procedure leading to the position of an atom in the fundamental  set. 

Introduct ion 

Most crysta l  s t ructures  are solved by  conversion of 
vector  sets to the  corresponding fundamenta l  sets. 

This step is usual ly  the  most  difficult and t ime- 
consuming in the s t ruc ture  de te rmina t ion  of a com- 
pound, and is especially difficult when heavy  a toms 
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are absent.  One of the most powerful techniques 
avai lable  is the superposit ion technique,  but  this  
method  has the disadvantage of re ta ining too m a n y  
incorrect peaks in the ear ly  stages. A detai led discus- 
sion of the analysis  of the Pat terson map  m a y  be 
found in  the book on vector space by Buerger (1959). 

Another  pa th  from the Pat terson map to the 
electron densi ty  map  is now under  s tudy in this  
laboratory.  This method, called vector verification, 
offers certain advantages  over ordinary superposition 
techniques.  The first  step usual ly  el iminates over 95% 
of the possible atomic positions and requires no prior 
assumpt ion as to an atomic position. The vector 
verif icat ion method works best for space groups 
having four or more equivalent  posit ions; conse- 
quently,  m a n y  structures m a y  be convenient ly  
studied. Another  valuable  feature of this  method is 
the speed wi th  which i't m a y  be run  on a large com- 
puter. For example,  the major  par t  of the verif icat ion 
method requires less t han  five minutes  on the Control 
Data  Corporation 1604 computer.  

Theory  of vector verif icat ion 

Before performing vector verification, a three-dimen- 
sional Pa t te rson  map  having 60 to 80 in tervals  in  
each direct ion is stored in  the memory  of the com- 
puter.  Each point  of the map is read into the computer  
f rom magnet ic  tape and  stored ei ther  as a one or 
a zero. A one is stored if the value of the Pa t te r son  
funct ion is greater  t han  a threshold value, and  a 
zero otherwise. The threshold value can be changed 
at wil l  and is thus a parameter ,  the selection of which 
depends on the atomic numbers  of the atoms in  the 
molecule, the scaling constant  used when prepar ing 
the Pat terson maps,  etc. For instance,  if i t  is desired 
to store only peaks due to the  interact ion between 
heavy  atoms, the l imi t  is set at  a re la t ive ly  high value. 
The loss of the actual  height  of the peak above the 
l imit  makes l i t t le  difference in the f inal  results, 
since in the process of vector verification, i t  is only 
necessary to lmow if a peak occurs at a specific 
(u, v, w) in the vector set. 

For an or thorhombic crystal  in which there are 
four equivalent  positions the program proceeds as 
described below. The vectors between an actual  
atomic position and each of the other three s y m m e t r y  
equivalent position~ are three Harker vectors which 
must  be present in the vector set map. Therefore, 
given any  (x, y, z), i t  is possible to check the va l id i ty  
of this  point  by  checking for the Harker  peaks in 
the Pat terson map. The program generates the three 
Harker  vectors and  then  goes to the Pat terson map  
in  the computer  and  checks to see if the Harker  peaks 
are present. Only if al l  the peaks are present is this 
point  considered a possible atomic coordinate. In  
performing the vector verification, all  points in elec- 
t ron densi ty  space are sys temat ica l ly  tested to see 
if they  can represent possible atomic coordinates. 

The grid scanned is exact ly  the same size as the grid 
of the Pat terson map. 

E x p e r i m e n t a l  resul ts  of vector verif icat ion 

The above procedure was tes ted wi th  BsCls, the  
molecular s tructure of which has a l ready been deter- 
mined (Jacobson & Lipscomb, 1959). After  checking 
each point  in x, y, z space, i t  was found tha t  over 
97% of the possible positions were el iminated,  the 
correct positions being present among the remaining 
3%. Thus in this  case, from a Pat terson map  
(80 × 40 × 80) grid points in (u, v, w) space, a map  was 
obtained as sho~al in Fig. 1 wi th  dimensions 
(80 × 40 × 80). The dis tance between grid points  
in this  map  is 0-12 /~, and  the x's represent  possible 
atomic positions. Periods, which in the actual  
output  are pr inted in the 'nul l '  positions, have been 
e l iminated for clarity. 
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Fig. 1. A typical section which illustrates the results of 
Harker vector verification on BsC1 s. X's represent possible 
atomic positions in x, y, z space, and darkened circles 
represent actual atomic positions. 

Thus by  the above procedure, the Pat terson map  
was converted to a map  which more closely resembles 
an electron densi ty  map. I t  should be noted t ha t  
so far no assumptions  other t han  those concerning 
the threshold have been made. Two facts should be 
noted here. First ,  some points are accepted which 
do not represent atomic positions. However, these 
coincidence points are usual ly  re la t ively  small  in 
number .  Secondly, the points  which are correct 
appear  in sets related by symmet ry  elements, such 
as mirror planes. Usual ly  only one point  in a given 
set can be used in  the f inal  structure.  

Extens ion  of the or ig inal  verif ication m e t h o d  

Maps at  this  stage are useful in the e l iminat ion of 
most possible atomic positions and in the selection 
of a sui table point  for superpositions. The vector 
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verification method can be extended,  however, and 
can lead direct ly to the  correct set of atomic positions. 
On the assumpt ion  t h a t  one correct atomic position 
can be selected, an  extension of the above program 
was wri t ten.  For  each point  in real  space, the following 
series of vectors are checked: H a r k e r  vectors, the 
vector  between the tes t  point  and the  known atom,  
and  the  vectors between the  tes t  point  and  the  
symmet ry - r e l a t ed  a toms of the known atom. By  
doing this for BsCls, a map  was obta ined which had  
all the  correct atomic positions plus ve ry  few coin- 
cident peaks. Thus in the  uni t  cell for BsCls, there 
should be 32 chlorine peaks,  and  40 peaks  were found. 
Fig. 2 shows a typical  section result ing f rom this 
program.  The threshold value was set somewhat  
lower (140 ins tead of 165) t h a n  in the  first  vector  
verification procedure. By  using a lower threshold, 
one obtains broader  peaks. 

yJ¢o~ x 

)0~x~x 

Y 

Fig. 2. A typical section (same section and compound as in 
Fig. 1) which illustrates the results of the vector verification 
procedure when one atomic position is known. X's represent 
possible atomic positions in x, y, z space, and darkened 
circles represent actual atomic positions. 

Two methods are being developed to determine the 
position of the  'known'  a tom. Firs t ,  upon inspection 
of the  init ial  map  produced as a result  of checking 
the H a r k e r  vectors, one can often direct ly select one 
of these points as a correct peak.  However,  in groups 
of x's i t  is sometimes difficult to locate the  correct 
a tomic position, since this position m a y  not  coincide 
with the center of the group. A fur ther  and even more 
serious diff iculty is t h a t  of distinguishing the  coin- 
cidence points from the t rue ones. Since, however,  
the  program requires less t h a n  five minutes  on a 

large computer ,  one can t r y  several different x's and 
thereby  make  a correct selection. 
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Fig. 3. A typical section showing results obtained when a 
known vector from the Patterson map is used to locate an 
atomic coordinate in x, y, z space. X's represent possible 
atomic coordinates, and the darkened circle represents 
the actual atomic position. 

A second method  which should prove more frui t ful  
is also being invest igated.  A n y  vector in the  Pa t t e r son  
map  mus t  connect two atoms.  Thus, a necessary 
condition for an  acceptable  point  (i.e., one for which 
the H a r k e r  peaks check) to represent  an  a tomic  
position is t ha t  some Pa t te r son  vector, s tar t ing from 
this point, lead to another  acceptable point;  and  
fur thermore  t ha t  the vectors from the initial point  
to the  symmet ry - re l a t ed  par tners  of the  new point  
occur in the  Pa t t e r son  map.  I f  all these conditions 
are met ,  then  the init ial  (x, y, z) and  the  new point  
(x', y' ,  z') are both  in high probabi l i ty  t rue  atomic 
positions. Fig. 3 shows the  results of the  procedure 
when applied to BsCls. In  addi t ion to the  correct 
peak  several coincidence peaks resulted. 

In  conclusion, we feel t ha t  vector  verification 
should prove useful in s t ruc ture  determinat ions  both 
as an independent  method  and in conjunction with  
related techniques.  

We wish to t h a n k  the  A r m y  Research Office for 
financial  aid in the  investigation.  
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